In this paper we model the microcantilever-sample interaction in an Atomic Force Microscope (AFM) via a Lennard-Jones potential, and consider the dynamical behaviour of a harmonically forced system. Using nonlinear analysis techniques on attracting limit sets, we numerically verify the presence of chaotic invariant sets. The chaotic behavior appears to be generated via a cascade of period doubling, whose occurrence has been studied as a function of the system parameters. As expected, the chaotic attractors are obtained for values of parameters predicted by Melnikov theory. Moreover, the numerical analysis can be fruitfully employed to analyze the region of the parameter space where no theoretical information on the presence of a chaotic invariant set is available.
Introduction
In recent years, several important research directions have been created to design, analyze and implement micro and nano systems. The Atomic Force Microscope (AFM) has been a major sucess in this area in terms of nano-scale imaging and surface manipulation (see Figure 1 for a schematic picture). As can be seen from Figure 1 , a micro-cantilever is brought to a distance close enough to the sample to allow for surface interactions between the tip of the micro-cantilever and the sample. One approach to measuring the surface forces is by monitoring the de ection of the micro-cantilever through a photodiode. This approach is termed contact mode. Another approach, which is termed tapping mode, is performed by vibrating the micro-cantilever close to its resonance frequency and monitoring the changes in its e ective spring constant.
As an imaging tool, the AFM is capable of resolving surface features at the atomic level for conducting and non-conducting samples. Currently, the AFM is used in many imaging applications ranging from biological systems to semi-conductor manufacturing. The basic mechanism of the AFM can be used to create a machine tool that is capable of modifying surface features with atomic level resolution. This tool depends on the interaction of a micro-cantilever with surface forces. The tip of the micro-cantilever interacts with surface through a surface-tip interaction potential. This basic interaction is the basis of operation of the AFM and its modi cations. The dynamics of a micro-cantilever-tip-sample interaction in tapping mode have recently been studied experimentally in 4], where the presence of period-doubling bifurcation was reported. Theoretical studies, based on the techniques of Melnikov theory, have been performed in 1, 2] . In these works, a model for the microcantilever-tip-sample interaction was developed, and the sinusoidally forced dynamics was studied. Melnikov theory was used to prove the existence of chaotic invariant sets, and consequently was used for the design of a controller that eliminates the possibility of chaos.
In this paper we present a numerical study of the dynamics of this model. The presence of chaotic attractors, theoretically indicated by Melnikov method, will be examined using nonlinear analysis techniques on attracting limit sets. One of the aims of this paper is to identify where these chaotic attractors lie in the parameter space. This analysis is useful for both the control design, in order to stabilize the system on a non-chaotic trajectory, or to change the AFM operating conditions in di erent regions of the parameter space where regular motion is ensured.
Model Description
Considering only the rst mode of vibration 2], the cantilever-tip-sample interaction is modeled by a sphere of radius R and equivalent mass m, which is suspended by a spring of sti ness k. We will frequently refer to the mass m as being the tip of the cantilever. A schematic of the corresponding system is reported in Figure 2 . 
We now de ne variables which facilitate the study of the qualitative behavior of the system. Let t = ! 1 and divide the left and right hand sides of (3) and (4) (3) and (4) has the same form as the non-dimensionalized one (5) and (6) .
The Hamiltonian of the system in the non-dimensionalized co-ordinates is written as 
In the tapping mode a dither piezo attached to the substrate that forms the support for the cantilever is forced sinusoidally (see Figure 1 ) around the natural frequency ! 1 of the system. In addition, the cantilever motion is damped due to the surrounding air. Thus, the perturbed system can be obtained from (5)- (6) 
where is the damping factor, and ? and are the amplitude and the frequency of the forcing term respectively.
The system can also be rewritten as the autonomous system 
where FP 1 and FP 3 are centers, while FP 2 is a saddle. A qualitative phase portrait of the system in this case is shown in Figure 3 . There are two homoclinic orbits each connected to itself at the point FP 2 . to chaos are often connected to bifurcation phenomena, such as cascade of period doubling. This is also the case for the AFM model, as shown in the bifurcation diagram of Figure  5 , where the parameter ? is plotted versus the position measured on a particular cross section of the ow. Here, we have chosen the section = 0, which corresponds to sampling the position every time T = 2 = . The obtained diagram makes it clear how, starting at ? = 10:5, the periodic orbit undergoes a sequence of period doubling bifurcations, i.e. structural changes in the system dynamics where every stable orbit doubles its period (see, e.g., Figures 4 (b)-(c) ). The region of interest for the subsequent analysis is in the parameter range ? 2 (16:3; 25), where the system reveals complex behaviors (see, e.g., Figure 4 (d) ).
The diagram of Figure 5 also shows other bifurcation phenomena which do not involve complex dynamics, as the symmetry-breaking bifurcation at ? 2. 
Is this a strange attractor ?
This question can be formulated as follows: is the chaotic invariant set also an attractor? Since a numerical integration of the system equations always provides us with a closed and stable invariant set (an attractor), one should conversely check whether this set is really chaotic (see the de nition of strange attractor in 12], Sect. 4.11). There are a number of theoretical concepts and numerical tools that can be usefully employed to answer this question. Among them, the most commonly used are the following tests:
1. Sensitive dependence on initial conditions; 2. Spectral analysis; 3. Poincar e map; 4. Lyapunov exponents and dimension.
Hereafter, we consider = 0:1 and the model parameters as in (10).
Sensitive dependence on initial conditions
De nition 1 A system ow (t; x) is said to have sensitive dependence on initial conditions on a closed invariant set if there exists an > 0 such that for any x 2 and any neighborhood U of x, there exists y 2 U and t > 0 such that j (t; x) ? (t; y)j > .
A chaotic attractor, by de nition, exhibits this property: given two distinct initial conditions arbitrarily close to one another, the trajectories starting from the two points locally diverge and become uncorrelated. Moreover, the error signal always remains bounded (so are the trajectories) and its norm can be compared to that of the chaotic signal.
System (8) also presents this feature as it appears clear from Figure 6 . Here, the state of the system (previously in steady-state) has been a ected by an additive error of only 0:1% at time t = 0. The gure shows the evolution of the position error 1 (t) ?~ 1 (t). 
Spectral analysis
Spectral analysis can be fruitfully employed to distinguish complex behavior from trajectories which are constant, periodic or quasi-periodic, see 7] . Indeed, in all the above cases, the power spectral density is formed by a numerable set of spikes, while for chaotic behavior the spectrum is broad-band continuous.
In Figures 7 (a)-(b) -(c), the power spectral densities of the tip position signals 1 corresponding to three di erent periodic solutions are formed by spikes at frequencies that are multiples of 2 =T, being T the least period of each signal. Conversely, the spectrum of the AFM system at ? = 20 (see Figure 7 
Poincar e map
The Poincar e map replaces the ow of an n-th order continuous time system with a (n?1)-th order discrete time system, reducing the complexity of the problem (see 12]). In systems of order 4 -such as the one under investigation -the Poincar e maps provide a useful insight of the global dynamics of the system. In order to build a Poincar e map we consider the autonomous system in (9) generating the ow where ( 0 ; 0 ) is a given point on the attracting limit set.
Moreover, we de ne the cross-section ~ = f( ; ) 2 R 2 S 1 j =~ 2 0; 2 )g: 
is reported in Figure 8 , for ? = 20 and the cross-section ~ with~ = 0. The set of points shown in Figure 8 does not lie on a simple geometrical object as in the case with periodic and quasi-periodic behavior. Its ne structure, reminiscent of Cantor sets, is typical of chaotic systems and is characterized by a fractional dimension (see next subsection). Then from the ergodic theorem ( 8] ) the following limits exists for almost all x 2 R n with respect to any ergodic measure:
Lyapunov exponents and dimension
De nition 2
The Lyapunov exponents (or characteristic exponents) are the following real numbers: i = log eig( x ) ; i = 1; : : : ; n :
The Lyapunov exponents are related to the expanding or contracting nature of di erent directions in phase space. They provide the average exponential rate of divergence of in nitesimally nearby initial conditions along the ow. For a dissipative n-dimensional dynamical system, the sum of all the n exponents is negative and at least one of the exponents is negative. An attractor with at least one positive Lyapunov exponent is often referred to as strange or chaotic. Indeed, for such an attractor, at least in one direction, any small error in the speci cation of an initial state leads to complete loss of predictability of the state. The presence of a positive Lyapunov exponent ( 1 > 0) is signi cant for a strange attractor, see 11, 9] . Moreover, the sum of the Lyapunov exponents is negative ( 1 + 2 < 0) because the system is dissipative.
De nition 3
Let K be the largest integer such that K P i=0 i 0, then the Lyapunov Dimension is de ned as:
For the map in (14) the Lyapunov dimension is D L = 1:49725 . As shown in 9], the fact that the Lyapunov dimension is a non integer number is related to the fractal characteristic of the strange attractor.
Changing the AFM parameters
In the previous sections the AFM model was analyzed as a function of the amplitude of the forcing term ?. It is also important to study the additional in uence of other physical parameters on the system behavior. In particular, we are interested in varying the distance of the tip from the sample, i.e. changing the parameter .
We can consider the rst period doubling bifurcation as an estimate of the boundary of the region where chaotic behavior lies and use continuation technique 5] to follow this curve in the (?; ) plane. Hence, a region inside the right side of the solid curve reported in Figure 9 approximately denotes the pairs (?; ) corresponding to systems possessing a chaotic attractor.
Notice that the unperturbed system presents only one xed point -a center -for < s = 1, while Melnikov theory assumes the existence of a hyperbolic equilibrium point connected to itself by a homoclinic orbit. In the region where < s , the Melnikov analysis reported in 2] can not be used to predict chaos in the region below the dashed line in Figure 9 . Nevertheless, the attractor appears to be chaotic also in that region. A more appropriate theory for this case is the theory of dissipative twist maps. In order to show how the attractor is qualitatively modi ed when the distance of the sample from the spring-mass subsystem is reduced below s , the Poincar e map for ? = 20 and = 0:8 has been reported in Figure 10 . 
Conclusion
In the present paper the cantilever-sample interaction of an Atomic Force Microscope has been considered. The presence of chaotic attractors have been exhibited using nonlinear analysis techniques on attracting limit sets. The chaotic behavior appears to be generated via a cascade of period doubling, whose occurrence has been studied as a function of the system parameters. The numerical analysis has also been employed in the region of the parameter space where Melnikov theory cannot be applied. These results are useful for both control design, in order to stabilize the system on a nonchaotic trajectory, and to change the AFM operating conditions in a di erent region of the parameter space where a regular regime is ensured.
